
 
Hodgeconjectulet

X now be a complex manifold and TeX Ta x T X the complexified 2n Real
tangent bundle This gives a splitting wax ftp.urP8X as a cobundle So considering
the deRheem resolution of Ex

O Ex ro r I sheaf of smooth Kforms fine hence acyclic

Thus H X Ex H MX r which is deRham's theorem Using the splitting Rh Otra
we get a bicomplex

I i HodgedeRham Spectral Sequence HMXRiha H 8 X Exnot
T T T If is Kohler a compact

rip F DR 8 H
a Jo find e r This is the complex Lodge decomposition

I
0

If is projective algebraic then one can prove the degeneration of the HodgedeRhun
spectral sequence algebraically by reducing to characteristic p Deligne Illusie Readthis

We also have Poincare Duality HIX Had x E w z f Wiz again Xis
compact Kahler This descends to a finer duality

HP8170 H b x O

unless p n p qinq H8 H 8 So this gives reflection about y x in the
Hodge diamond

If 2CX is a closed subvariety of X of dimension K we would like 2 to define
a functional ou em via w Sawc E Hopefully this would descend to cohomology and
by Poincare duality an actual cohomology class 23 This however has issues
For various reasons see Griffith's Harris singularities can be delt with so we can
get that all such 2 give a cohomology class so we get a temp
d Adx Had X where Adx is the kthChow group graded by dimension Moreover
one can show dC eH 4 x The cocycles in the image of ch are called
algebraic classes or analytic classes

Example k n l
2 is then a divisor so 4127 4 0 21 cH X

Now every xetlzu.ae x can be represented by a cycle cos which intersects 2
transversally

iplz.ca the intersection Zola PEEnizp is Z E 21
multiplicity at p



One can show with hand work this gives a functional G Z Har.znX 2
or w IQ coefficients 7 Now Haezu X QF H 2k X Q HdkkCX via the
cycle map So we could define Hdsrcx Q ImlHsu Hsdrlx.ci

IC.rulany clxCZ7eH2ndEhCXhHsdrCxQ H2n42nh X Q

IHodgeconjecturei The Q vector space H X Q is spanned by d z for subvarietoes
Z ofX

ITheonemClefschetzliTheHodge conjecture is true for p I i.e everything in H is
the chern class of a divisor

EquivariantsheauesCAgainI
Let X be a top space and GTX a top group with Feshcx We say
F is G equivariant if given 0 TF Is it F for

o
GxGxX Is GxX Is Xit I

satisfies the relevant cocycle conditions Hence a Gequivariant sheaf is
a pair F 0 CShe x Sh X

Exe Take G discrete then 0 a lifting Gaction from X to F This means
given geG XIX get an iso 0gget 5 F
Claim If teSho x then H X F is a G module The difficulty is that
we may not have a G equivariant resolution of injectives One way out istech methods but we use the canonical flabby resolution due to Godement This
resolution naturally inherits the G equivariant structure

There is also a Godement resolution of Etale sheaves Now suppose GAY and
f y X is a Gmap where X has the trivial Gaction everyorbit in Y lies in
a fiber of f If we have Tresham then we claim f Feshecy Indeed
we have Fe2 u f Tolga so define our isomorphism to be this identification

PropiSuppose f X X is a principal homogeneous Gspace Then f Shun Shady is
an equivalence Also applies to e'tale sheaves

Meinexeeple Yu k field I _Xxspecks Now GalKslaTks Then if f X X
f F is a Guequivariant sheaf on I hence H Iet Fez is a Gu module

IDIH XZeca slimH XMeu where I is a prime with Ltchark L Called the
Tate twist
Worth checking how this relates to Re cohomology

If G is an abelian group we have an inverse system of torsion subgroups

Go Ge and the inverse limit is the Tate module TeCG Interseting
example take G to be an elliptic curve



Det H XZelm H x 4cm z Zac m

ThinLet Me I Xxks fix X the projection Feshcxet a torsion sheaf Then
for kcksck and x Ix K I 4 X with composition g then g F is GalKsla
equivariant

Now let Me be a smooth proper scheme Hence there is k a adic with
Xolk st X XoXue this realization is important when reducingto characteristicid So
H X 2 21 has a Gal action which factors through GalChild But we have a
natural isomorphism H4xet.kz H.siuglXCe 2 21 which then inherits the GalEtc action

We will eventually define the cycle map in E'tale cohomology by sending 2 ex to a
cohomology class 4 12 CHu Xmic for Luchark L

Take X smooth over k I and a prime l with 4chark L Then we have a projective
systemof e'Tale sheaves Mp ME Mfc 1 c o Hence

e H Xmic H x mic
4 U

2 ax 4 127 4 6codiuc

So we get a class in H X Zeca dimHMXµ and so in H X eco
We want to show A x H x Zeca is a ring homomorphism Let be defined
on a subfield kock X Xox Speck0 GalHeo hence a Galois action on HMXQila

If Z is an irreducible subvariety of X defined over Kock'ek then 2 is Gal km
invariant hence its image in HMXQala is Galchi invariant as the cyclemapis
equivariant with the Galois group

CorollaryThe subspace of algebraic classes in Hk X QeccD consists of classes 5 sat
es is fixed by a subgroup Gal W a GalKuo for some fg extension

Heo.ITjectmThe converse to the above

Note we have yet to define the cycle map We aim to define a homomorphism of
graded rings dooXAcey dot Hacket Meic Cuchark 1

Cases e 1 Start with a divisor class Dex It defines a line bundle hence a class D
in H Xet Gm Now we have the Kummer sequence w a map d H XGm HYX.us
so set dDI 4427

Case2 Z is a schemetheoretic intersection D n ADc Use the cap product on
cohomology

H2 x a HYX.ua H Xmic
4423 dCDc U Z

Of course one needs some work to show this goes from the Chowring



For the general case need cohomology with compact support HPz X F thepttcohomology
of in F w support in 2 is by definition 1Plz Ri F where i 2 X isthe
inclusion Note it F 21 HEH F HMXXlZi2 the relative cohomology

Ex Consider a triple of inclusions VfullHen get a long exact sequence

HPw x F HPxwlx.FI HPuw x F H x F Fesux

In the e'tale setting cohomology with compact supports still works and we also have
purity

µm Let 2 di be a smooth subum of codeine Cuchark L F be a locally
constant ntorsion sheaf Then HP Ri F 0 if p42C locally isomorphic to c F

Thin In the same setup k E with F µuc Then there is a natural isomorphism
H2e Ri µue 2 2 constant sheaf on Z

smooth

DetGiven Zcx the image of 1 in NZHua Plz Ri MEC Haz X µue is
the fundamental class of Z Sz
Haz x µue Huey µ g

Then the cyclemap is givenby composing with

E Construction of fundamental class if 2 D a divisor
We have

0 i RiGm Gim s Rj j Gm O D Esx U
and taking cohomology HolaGm HI x Gm H XGm H'Cu Gm s

u n uMuQE z pick pick
f 1 ordolf trestrietion

of linebundle

Now taking the Kummer sequence vertically in the exact triangle above

H'zxGim HIXGm HIX un
Li Sza

Now how to define 4127 or Sza if 2 is singular

LemmaiLet ZcX be a closed reduced subseheme of codimension r Then H X Mgr oIfor sazr
Proofe Descending induction on r If r dimX 2 CX is a collection of points smooth

pair This follows easily

r z r Take X 2sins U Then UnZ is smooth dense in 2 and X U 2sinshas
codimension at least rats Now the above exercise on the triple X U x Z we get
a long exact sequence from which we conclude the result Da

Di Coherent Cohomology

Let be regular ZcX be a subscheme If TreCohan can define the
local cohomology H X F Ext i Oz Tr Consider them F Ox Then we
claim Hiz X 07 0 it is codimZ This is related to depth CohenMacaulay



Now taking s zr we get an isomorphism H2ECX Mfr Is HInz.LUµ9r
This gives us the cycle map Recall it is a ring how

y A x d
H xmtor In churn L

Iflat I
x i Aeon IEHutunion
Iproper

Have a pushforward A x A Z


